Using the quasi-Maxwell formalism, we derive the necessary and sufficient conditions for the matching of two stationary spacetimes along a stationary timelike hypersurface, expressed in terms of the gravitational and gravitomagnetic fields and the 2-dimensional matching surface on the space manifold. We prove existence and uniqueness results to the matching problem for stationary perfect fluid spacetimes with spherical, planar, hyperbolic and cylindrical symmetry. Finally, we find an explicit interior for the cylindrical analogue of the NUT spacetime.
Introduction
There are hardly any general results on the existence and uniqueness of solutions to the matching problem in General Relativity. This is related to the fact that little is known about the initial boundary value problem for the Einstein equations [8] .
Existence and uniqueness of a vacuum exterior has been proved in certain symmetric cases, e.g. for interiors with static spherical symmetry [11] , homogeneous cylindrical symmetry [23] and stationary axial symmetry [15, 25] . It would be desirable to have more results along those lines, including, in particular, the matching of two non-vacuum solutions.
As a step in this direction, we consider families of stationary spacetimes. For these spacetimes one can perform a 3 + 1 splitting using the integral curves of the timelike Killing vector field. The Einstein equations can then be rewritten as equations determining two vector fields (one of which is a gradient) and a Riemannian metric on the quotient 3-manifold, in what has been called the quasi-Maxwell formalism [13, 17, 18] . While equivalent to the standard formulation, this approach allows a better intuitive understanding of some aspects of stationary spacetimes.
We will use the quasi-Maxwell formalism in order to prove general results for the matching of stationary spacetimes with additional symmetries. The matching will be performed along a stationary timelike hypersurface, so that the integral curves of the two timelike Killing vector fields coincide on the matching hypersurface.
The organization of the paper is as follows. After briefly reviewing the quasi-Maxwell formalism (Section 1), we write the matching conditions using the gravitational and gravitomagnetic fields on the space manifold (Section 2). We then use the insight provided by this 3 + 1 decomposition of the matching conditions to prove new results for the matching of stationary perfect fluid spacetimes with spherical, planar, hyperbolic and cylindrical symmetry (Section 3). We also recover particular examples (see [5] and references therein) where the existence (but not the uniqueness) of matching solutions in stationary symmetry has been shown before. Finally, we use the quasi-Maxwell formalism to find an explicit interior for the cylindrical analogue of the NUT spacetime (Section 4).
We use units such that c = G = 1 and take Latin indices i, j, . . . to run from 1 to 3.
Quasi-Maxwell formulation for stationary spacetimes
In this section we briefly review the quasi-Maxwell formalism for stationary spacetimes. For more details see [18] .
Recall that a stationary spacetime (M, g) is a Lorentzian 4-manifold with a global timelike Killing vector field T . We assume that T is complete and that the R-action determined by its flow is free and proper 1 . The quotient space Σ = M/R, which can be thought of as the space of all stationary observers, is then a 3-dimensional manifold, called the space manifold. Moreover, the quotient map π : M → Σ is a submersion, and hence M is a principal R-bundle over Σ. Since all principal R-bundles are trivial, we have M ∼ = R × Σ [1, 2] . The choice of global trivialization for M is, of course, not unique, and amounts to choosing a map t : M → R such that T = ∂ ∂t . Note that any two such maps will differ by a function f : Σ → R. If {x i } are local coordinates on Σ, we can write the line element of (M, g) as
where the functions φ, A i and γ ij do not depend on the coordinate t. Therefore the covariant tensor fields φ, A = A i dx i and γ = γ ij dx i ⊗ dx j are pull-backs by π of the covariant tensor fields on Σ with the same expressions, which we denote by the same symbols. Clearly γ is a Riemannian metric in Σ, independent of the choice of t. It yields the radar distance measured between nearby stationary observers [12] . The differential forms G = −dφ and H = −e φ dA are also independent of this choice (as t → t + f gives φ → φ and A → A + df ). Moreover, γ, G and H are also invariant under the timelike Killing vector field rescaling T → e c T , which gives φ → φ + c and A → e −c A. We define the gravitational and gravitomagnetic vector fields G and
where ǫ is a Riemannian volume form on (Σ, γ) (which we assume to be orientable). Each vector v ∈ T p Σ determines a unique vector field v along the fiber π −1 (p) ⊂ M satisfying g(T, v) = 0 and π * v = v. One can show that G is just minus the acceleration of the stationary observers, and that H is twice their vorticity. Moreover, the metric on the space manifold is given by γ(v, w) = g( v, w)
Let ∇ be the Levi-Civita connection of (Σ, γ) and let ∇ be the Levi-Civita connection of (M, g). If u represents the unit tangent vector to a timelike geodesic then the motion equation
2 (with u 2 = γ(u, u)) and × is the cross product defined by γ and ǫ. There is an obvious analogy with the equation of motion of a charged particle on an electromagnetic field [18] , justifying the designations for G and H.
This analogy can be pushed further by writing the Einstein equations for a perfect fluid with density µ, pressure p and 4-velocity u: if R ij and ∇ i G j represent the components of the Ricci tensor of ∇ and of the covariant derivative of G, these reduce to the quasi-Maxwell equations
These equations clearly show the role of µ + 3p as the source of the gravitational field when the fluid is at rest, as well as the nonlinear source terms for G and H akin to the field's energy density and Poynting vector 2 . Notice however that most of the equations are equations on the geometry of the space manifold.
Matching in the quasi-Maxwell formalism
Let σ ⊂ Σ be a connected two-sided (hence orientable) embedded surface with unit normal vector field n, which can be assumed to extend to a neighbourhood U of σ as a unit geodesic field. Then σ = π −1 (σ) ⊂ M is a timelike hypersurface with unit normal vector field n, which is a unit geodesic field on π −1 (U ). In local coordinates, if
The second fundamental form of σ is
where
is the second fundamental form of σ. In this calculation we have used the Cartan formula
valid for any vector field X and differential form θ, and identified covariant tensors on Σ with their pull-backs by π : M → Σ. If we are to match (M, g) to another stationary spacetime across the stationary hypersurface σ we must match g | e σ and K. If in addition we do the matching so that the integral lines of the timelike Killing vector fields coincide, it is clear from (1) that matching g | e σ is equivalent to matching φ |σ (up to a constant, corresponding to the freedom associated to the rescaling T → e c T ), A |σ (up to df |σ for some function f : Σ → R, corresponding to the freedom associated to the choice of t) and γ |σ . Since σ is connected, matching φ |σ up to a constant is equivalent to matching dφ |σ , which in turn is equivalent to matching the tangential component of G. On the other hand, matching A |σ up to df |σ is equivalent to matching dA |σ 3 . Given that φ |σ is matched, this is the same as matching H |σ . If v, w are tangent to σ then
Since v × w is orthogonal to σ, we see that matching H |σ is equivalent to matching the normal component of H. Similarly, it is clear from (4) that matching K is the same thing as matching γ(G, n), (ι(n)H) |σ and K. Now γ(G, n) is simply the normal component of G. On the other hand, if v is tangent to σ then
Since any vector w tangent to σ can be obtained in the form w = n × v for an appropriate tangent vector v, we see that matching (ι(n)H) |σ is the same thing as matching the tangential component of H.
Thus we have proved the following result. 
Informally, stationary spacetimes can be matched along stationary hypersurfaces if and only if the corresponding surfaces on the space manifold have the same metric, second fundamental form and gravitational and gravitomagnetic fields. Note the similarity with electromagnetostatics, where the junction conditions are the continuity of the electric and magnetic fields. 4 
Local existence and uniqueness of stationary matchings
In this section we study the problem of existence and uniqueness of families of matchings of stationary spacetimes with additional symmetries. In all cases the matching is performed along hypersurfaces which preserve the symmetries (see [24] for general geometrical and algebraic considerations about symmetry-preserving matchings).
Spherical, Toroidal and Higher Genus Λ-Stars
We shall start with the static cases. The line element for a static perfect fluid with spherical (k = 1), planar (k = 0) or hyperbolic (k = −1) symmetry can be written as [20, 21] 
3 At least locally; if σ is not simply connected then there may be global issues to consider. 4 There are also similarities with the 2 + 1 decomposition of the matching conditions in [14] .
Notice that we must have
and hence m(r) < 0 for k = 0 or k = −1. This can be accommodated by a negative cosmological constant Λ, in terms of which the total rest energy density and rest pressure can be written
The space metric for these spacetimes is
and the gravitational field is
We can match two of these spacetimes across a surface of constant r. The outward normal to the corresponding surface on the space manifold is
yielding the second fundamental form
Matching of the induced metric on the constant r surfaces implies continuity of the r coordinate function. Matching of the second fundamental form then yields the continuity of the mass function m(r). Finally, matching of the gravitational fields requires that φ ′ (r), and hence the pressure p(r), should also match. We can construct models of spherical, toroidal and higher genus stars by matching two of these spacetimes (after taking the appropriate quotients by discrete subgroups of the plane or hyperbolic symmetry groups). The exterior will be the Kottler solution, corresponding to the case when the perfect fluid is simply vacuum plus a cosmological constant. It is given by the mass function m(r)
Notice that the Kottler solution has two free parameters, m 0 and Λ, which can be used to match m(r) and p(r) uniquely 6 . Therefore we have the following result.
Proposition 3.2 A spacetime with a static perfect fluid and spherical, planar or hyperbolic symmetry can be matched across a surface of symmetry to a unique Kottler solution.
The star's interior can be obtained by picking an equation of state and integrating (5), (6) and (7). For instance, the equation of state µ = constant yields
where c is an integration constant. Interestingly, toroidal (k = 0) stars with constant density do not exist for physically reasonable matter (µ matter , p matter > 0), as (9) requires that at the center r = 0 one should have
Moreover, (6) shows that for toroidal stars p always diverges at r = 0 unless µ + p vanishes at this point. On the other hand, there is no difficulty in constructing constant density higher genus stars. For static solutions, the quasi-Maxwell formulation of the matching conditions is not particularly advantageous. However, it still can provide valuable insights. For instance, consider the problem of matching the Einstein universe, obtained by taking k = 1, φ = 0 and
to the Kottler solution. Since we have G = 0 throughout the Einstein universe, we must have G = 0 at the matching surface; this uniquely picks a surface on the Kottler solution, given by d dr e 2φ(r) = 0 ⇔ r 3 = 3m 0 Λ .
Rigidly rotating perfect fluids
The line element for a stationary, cylindrically symmetric spacetime containing a rigidly rotating perfect fluid can be cast in the form [21] 
6 It is easily checked that for fixed r the map (m0, Λ) → (m0 + Λ 6
) is a bijection.
for E = E(ρ) and f = h 3 (ρ) satisfying
where a prime denotes differentiation with respect to ρ. The fluid is moving along the integral curves of ∂/∂t, and its pressure and mass density are given by
In this case, we obtain
The normal vector to a cylindrical surface σ = {ρ = constant} is
and the extrinsic curvature on σ is then
Notice also that Proof: From (15) and (16) we see that matching H and γ |σ is equivalent to matching h, E and B. From (18) we see that matching G is the same as matching h ′ . Finally, from (17) we see that matching K is the same as matching E ′ and B ′ . Since f = h 3 , matching h and h ′ is equivalent to matching f and f ′ . On the other hand, from (11) we see that
and thus once one has matched E ′ E ′ , f, f ′ and B, matching B ′ is the same as matching ρ.
Remark 3.4 Notice from (13) and (14) that the pressure (but not the density) must also be continuous. This is an instance of the Israel matching conditions for the energy-momentum tensor.
The line element (10) contains vacuum and dust solutions as particular cases. More precisely, we have the following result.
Proposition 3.5 The line element (10) represents a Λ-vacuum solution if and only if
for some constants α, β ∈ R. The same line element represents a Λ-dust solution if and only if f is constant and
for some constants α, β ∈ R (with β = 0).
Proof: If (10) represents a Λ-vacuum solution then µ + p = 0, which by (14) is equivalent to E ′′ (ρ) = 2. On the other hand, if E ′′ (ρ) = 2 then the formula [21] 8πp = Bh
implies that p is constant.
If (10) represents a Λ-dust solution then we must have G = 0 (because in this case the stationary observers, which are comoving with the fluid, are not accelerating), and hence h (or f ) must be constant. Equation (12) then yields
which is readily solved to give the expression above. On the other hand, substituting this expression in (11) , it is easy to show from (13) (under the assumption that f is constant) that p is constant. Proof: Fixing the surface {ρ = c} on a given rigidly rotating perfect fluid determines the values of ρ, E, E ′ , f, f ′ and B. Since we have two free parameters on the expression of E(ρ) for Λ-vacuum or Λ-dust solutions, we can use these to match the values of E and E ′ 7 . It is also easy to match the value of B, which from (11) is seen to be defined up to a multiplicative constant. Finally, in the Λ-vacuum case the values of f and f ′ provide initial data for (12) , which can be seen as a second order linear ODE for f . Solving this ODE (which admits a global solution) yields a unique local solution (defined on {f (ρ) > 0}). In the Λ-dust case the matching of f and f ′ is trivially unique.
Remark 3.7
The above theorem includes, for instance, the matching of the van Stockum dust to the Lewis vacuum [22, 19, 3] , or the matching of the Gödel Λ-dust to the Lewis Λ-vacuum generalization [4] , which in particular are unique within this class of metrics.
NUT matchings
In this section, using the quasi-Maxwell formalism, we revisit a matching of a perfect fluid with the NUT spacetime and then derive a new solution which results from the matching of a line monopole-like dust with the cylindrical analogue of the NUT spacetime.
Matching a perfect fluid with NUT
Recall that the NUT spacetime is a stationary solution of the vacuum Einstein field equations describing a gravitomagnetic monopole, given in local coordinates by 8
, where e 2φ = 1 − 2 M r + l 2 r 2 + l 2 and M, l are two parameters representing the total mass and (half) the gravitomagnetic charge [16, 13, 21] . The metric of the space manifold determined by the stationary observers is
and the gravitomagnetic potential 1-form is
Thus the gravitomagnetic field corresponds to the 2-form
and is therefore the radial vector field
Moreover, the gravitational field corresponds to the 1-form
and so
A particularly simple interior for the NUT spacetime was given in [9] as
This stationary solution describes a perfect fluid with constant density
and pressure
Notice that the space manifold is a round S 3 of radius R. The gravitational field corresponds to the 1-form
and therefore is
The gravitomagnetic field corresponds to the 2-form
and consequently is
Notice that the solution has singularities at the "poles" sin ψ = 0, where the pressure diverges. The gravitational field also diverges at the poles, and vanishes at the "equator" ψ = π 2 . The gravitomagnetic field remains bounded (and in fact the fluid has constant vorticity 1 R ). Also, both fields are aligned along the integral lines of ∂ ∂ψ , which makes it plausible that this spacetime can be matched along a surface ψ = constant to the NUT spacetime along a surface r = constant. For these surfaces, we have
and
The matching conditions can be immediately written as
(where σ = means equality on σ), and are easily seen to be equivalent to the ones in [9] .
Matching a Line Monopole-like dust with Cylindrical NUT
We now consider the problem of finding an interior for the cylindrical analogue of the NUT spacetime, given by the line element [17] 
and m, a, L and c are constants. This metric is a generalization of the Levi-Civita cylindrically symmetric static metric in the same way that the NUT metric is a vacuum generalization of Schwarzschild. In this case, we get
A possible interior can be obtained by applying the Ehlers transformation [6, 21] to the LeviCivita solution, given by the line element [21, 26] 
In terms of the quasi-Maxwell formalism, the Ehlers transformation associates to each static vacuum solution of the Einstein field equations, described by the gravitational potential ψ and the space metricγ, a stationary solution with γ = e 2ψγ , G = 0 and H = 2 grad ψ, whose matter content is dust with density 9
Therefore, we will take as the interior the stationary solution characterized by
corresponding to a freely falling dust with density µ = α 2 2πr 2α 2 +2 .
Notice that for α = 0 there is a singularity at r = 0, where both the mass density and the vorticity blow up.
The condition G + σ = G − = 0 immediately singles out the cylindrical surface σ = {ρ = c} as the matching surface on the exterior. Accordingly, we choose σ to be a surface of constant r in the interior. The normal vectors to these surfaces are n − = r −α 2 ∂ ∂r ; 
Moreover, since 
From (19) and (20) 
Finally, the condition
we obtain α = −m, which implies the second condition in (21). Thus we obtain a three-parameter family of matchings, parameterized by, say, m, L and c. It is easily seen that there is a 1-to-1 correspondence between interiors with a cylindrical surface singled out and exteriors with a = 1. One could think of trying the same approach on the spherically symmetric case, i.e. matching the Ehlers transform of the Schwarzschild solution to the NUT solution. However this cannot possibly work, because G never vanishes outside the horizon of the NUT spacetime. This is another example of the usefulness of the quasi-Maxwell formalism.
